
Int J Theor Phys (2008) 47: 1322–1332
DOI 10.1007/s10773-007-9567-z

Two-Parameter Deformed SUSY Algebra for Fibonacci
Oscillators

Abdullah Algin · Metin Arik · Deniz Kocabicakoglu

Received: 26 May 2007 / Accepted: 11 September 2007 / Published online: 6 October 2007
© Springer Science+Business Media, LLC 2007

Abstract We construct a two-parameter deformed SUSY algebra for the system of n ordi-
nary fermions and n(q1, q2)-deformed bosons called Fibonacci oscillators with SUq1/q2(n)-
symmetry. We then analyze the Fock space representation of the algebra constructed. We
obtain the total deformed Hamiltonian and the energy levels together with their degenera-
cies for the system. We also consider some physical applications of the Fibonacci oscillators
with SUq1/q2(n)-symmetry, and discuss the main reasons to consider two distinct deforma-
tion parameters.

Keywords Deformed bosons · Quantum groups · Quantum superalgebras

1 Introduction

The discovery of the new kind of mathematical structures called quantum groups and their
associated algebras [34, 37, 51] have found many applications in several areas of research
of theoretical physics such as noncommutative geometry [59, 75, 77], quantum mechan-
ics [2, 57, 72, 73] and exactly solvable statistical models [33, 66]. Quantum groups or
q-deformed Lie algebras imply some specific deformations of the usual Lie algebras. Math-
ematically speaking, they are defined algebraically as quasi-triangular Hopf algebras and
they can be either noncommutative or commutative.
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Historically, the q-deformed boson algebra was constructed by Arik and Coon [9],
Macfarlane [58], and Biedenharn [16]. Such developments have led to the discussions of
q-deformed fermionic versions of the q-deformed bosonic oscillator algebras [48, 52, 74].
Hence, q-deformed oscillator constructions of supergroups and superalgebras by using these
deformed boson and fermion oscillators have extensively been investigated [3, 6, 19–21, 25–
27, 38, 49, 50, 56].

After the simplest N = 2 SUSY algebra was developed by Witten [76] for undeformed
bosons and undeformed fermions, several q-deformed versions of the N = 2 SUSY algebra
have been studied by using q-deformed boson and fermion algebras [4, 17, 23, 42, 47, 65,
71]. Different aspects of algebraic SUSY structures such as fractional supersymmetry and
parasupersymmetry have been considered by using q-deformed bosons as well as fermions
when the deformation parameter q is a root of unity [15, 22, 24, 30, 31, 35, 36, 53, 54, 61,
63].

In this paper, our aim is to introduce an alternative example of deformed SUSY alge-
bra and construct a new two-parameter generalized SUSY algebra using (q1, q2)-deformed
bosons called Fibonacci oscillators invariant under the quantum group SUr (n) with r =
q1/q2 and undeformed fermions.

We begin this paper by reviewing the quantum group invariant two-parameter deformed
boson algebra and discuss its representative properties. We then construct the SUSY quan-
tum mechanics for SUq1/q2(n)-invariant (q1, q2)-deformed bosons and undeformed fermi-
ons. This is followed by an analysis of the Fock space representation of the (q1, q2)-
deformed SUSY algebra. We also obtain the total deformed Hamiltonian and the energy
levels for the system. Finally, we discuss the main reasons to consider two distinct deforma-
tion parameters and give our conclusions.

2 Fibonacci Oscillator Algebra

In this section, we consider the two-parameter deformed boson algebra invariant under the
quantum group SUr (n) with r = q1/q2. For simplicity, we begin with the two-dimensional
case. The generalized SUq1/q2(2)-invariant two-parameter deformed bosonic oscillator alge-
bra is defined by the following deformed commutation relations [10]:

a1a2 = q1

q2
a2a1, a∗

1a
∗
2 = q2

q1
a∗

2a
∗
1 , a1a

∗
2 = q1q2a

∗
2a1,

(1)
a1a

∗
1 − q2

1a∗
1a1 = q

2NB

2 , a2a
∗
2 − q2

1a∗
2a2 = a1a

∗
1 − q2

2a∗
1a1, q

2NB

1 = a2a
∗
2 − q2

2a∗
2a2,

where ai and a∗
i , i = 1,2, are deformed bosonic annihilation and creation operators, respec-

tively. NB is the total boson number operator and q1 �= q2, (q1, q2) ∈ R+. The deformed
number operator for these two-parameter deformed oscillators is

a∗
1a1 + a∗

2a2 = [N1 + N2] = [NB ], (2)

whose spectrum is defined by the following Fibonacci basic number [n]:

[n] = q2n
2 − q2n

1

q2
2 − q2

1

, (3)

which is a generalization of the usual q-numbers. Due to this fact, the two-parameter de-
formed bosonic oscillators in (1) are called Fibonacci oscillators and the deformation pa-
rameters q1 and q2 are also called as the parameters of the Fibonacci basic integers [10].
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We should also emphasize that the Fibonacci oscillator algebra has symmetry under the ex-
change of the deformation parameters q1 and q2. These oscillators give the two-dimensional
ordinary bosons in the limit q1 = q2 = 1. The one-parameter deformed bosonic algebra in-
variant under the quantum group SUq1(2) can be obtained in the limit q2 = 1 [68]. Also, the
two-dimensional bosonic Newton oscillator algebra invariant under the undeformed group
SU(2) can be recovered in the limit q1 = q2 = q [12].

One can check that (q1, q2)-deformed bosonic algebra in (1) shows SUq1/q2(2)-symmetry.
A SUq1/q2(2)-matrix can be written in the form

T =
(

a
q1
q2

b

−b∗ a∗

)
,

where the following commutation relations hold

ab = q1q
−1
2 ba, ab∗ = q1q

−1
2 b∗a,

bb∗ = b∗b, a∗a + bb∗ = 1, (4)

aa∗ + q2
1q−2

2 b∗b = 1.

By the SUq1/q2(2)-invariance of the system, it means that the linear transformations
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q1

q2
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)
, (5)

leads to the same commutation relations as in (1) for (a′
1, (a

∗
1 )

′) and (a′
2, (a

∗
2 )

′). We note
that the matrix elements of T are assumed to commute with a1, a2, a

∗
1 , a

∗
2 . We should also

emphasize that although the Fibonacci oscillator algebra has two deformation parameters
q1 and q2, the relations containing the matrix elements of T involve just a single parameter
r = q1/q2.

SUq1/q2(2)-invariant two-parameter deformed boson algebra in (1) can be generalized to
n-dimensional case as follows [10]:

aiak = q1

q2
akai, i < k, a∗

i a
∗
k = q2
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a∗

k a
∗
i , i < k,
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∗
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2 , (6)
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∗
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1a∗
k ak = ak−1a

∗
k−1 − q2

2a∗
k−1ak−1, k = 2, . . . , n, q

2NB

1 = ana
∗
n − q2

2a∗
nan,

where the total deformed boson number operator for this system is

a∗
1a1 + a∗

2a2 + · · · + a∗
nan = [N1 + · · · + Nn] = [NB], (7)

whose spectrum is given by the Fibonacci basic numbers [n] in (3).

3 Two-Parameter Deformed SUSY Algebra

We now construct the SUSY quantum mechanics for two (q1, q2)-deformed bosons with
SUq1/q2(2)-symmetry and two undeformed fermions. The supercharges which are bilinears
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of these two (q1, q2)-deformed bosonic and two undeformed fermionic oscillators are de-
scribed as follows:

Q1 = a∗
1f1, Q2 = a∗

2f2,
(8)

Q∗
1 = f ∗

1 a1, Q∗
2 = f ∗

2 a2,

where fi and f ∗
i , i = 1,2, are the undeformed fermionic annihilation and creation operators,

respectively. These fermionic oscillators satisfy the following anti-commutation relations:

{fi, f
∗
j } = δij , {fi, fj } = 0, {f ∗

i , f ∗
j } = 0

(9)
f 2

i = (f ∗
i )2 = 0, [fi,Mi] = fi, �f ∗

i ,Mi� = −f ∗
i , i, j = 1,2,

where Mi = f ∗
i fi is the fermionic number operator. The odd generators called supercharges

in (8) are nilpotent:

Q2
1 = Q2

2 = (Q∗
1)

2 = (Q∗
2)

2 = 0, (10)

which can be obtained from (9). We now look for some particular relations between the
deformed bosonic ai and undeformed fermionic operators fm as follows:

aifm = rfmai, aif
∗
m = sf ∗

mai, i,m = 1,2, (11)

where r and s are some parameters which can be determined from (1) and (9) as r = s = 1.
It means that the bosonic and fermionic operators in our construction commute with each
other.

With the above considerations in mind, we have the following (q1, q2)-deformed SUSY
algebra for two (q1, q2)-deformed bosons and two undeformed fermions:

{Q1,Q2}(q2
1 +q2

2 )/2q1q2
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∗
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2

= 0, (12)
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q
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1 + q
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2
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1 +q2
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1 +q2

2 )/2 = 0, (15)

[H1,Q2](q2
1 +q2

2 )/2 = 0, [H2,Q1](q2
1 +q2

2 )/2 = 0, (16)

where {A,B}x = AB + xBA and [A,B]x = AB − xBA, and also NB = N1 + N2. One
can show that this (q1, q2)-deformed SUSY algebra is invariant under the SUq1/q2(2)-
transformation of (q1,q2)-deformed bosonic oscillators. Moreover, the total deformed
Hamiltonian for the two-dimensional system becomes

H = H1 + H2 = (a∗
1a1 + a∗

2a2) +
(

q
2NB

1 + q
2NB

2

q2
1 + q2

2

)
(f ∗

1 f1 + f ∗
2 f2), (17)

where NB = N1 + N2. Therefore, this Hamiltonian describes a two-parameter deformation
of the Hamiltonian for the supersymetric oscillator in quantum mechanics [32]. In the limit
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q2 = q1 = 1, this Hamiltonian goes to the standard SUSY Hamiltonian for the system con-
taining two undeformed bosons and two undeformed fermions.

We can extend the above (q1, q2)-deformed SUSY algebra to the system containing n

deformed bosons and n undeformed fermions. We then have the following 2n supercharges:

Qi = a∗
i fi , Q∗

i = f ∗
i ai . (18)

Thus, the generalized (q1, q2)-deformed SUSY algebra for SUq1/q2(n)-invariant (q1, q2)-
deformed bosons and undeformed fermions is

{Qi,Qj }(q2
1 +q2

2 )/2q1q2
= 0, i < j, (19)

{Qi,Q
∗
j }q−1

1 q−1
2

= 0, i �= j, (20)
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q
2NB

1 + q
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2
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2

)
f ∗

i fi , (23)

where NB is the total boson number operator. We note that from (21), the Hamiltonian Hi

in (23) does not commute with the supercharges Qi unless q1 = q2 = 1. Therefore, the
supercharges Qi are not conserved and the Hamiltonian Hi does not remain invariant under
the (q1, q2)-deformed SUSY algebra constructed. Moreover, the total deformed Hamiltonian
for the n-dimensional system becomes

H =
n∑

i=1

Hi =
n∑

i=1

a∗
i ai +

(
q

2NB

1 + q
2NB

2

q2
1 + q2

2

) n∑
i=1

f ∗
i fi , (24)

where NB = N1 + N2 + · · · + Nn. The Fock space representation of the above (q1, q2)-
deformed SUSY algebra will be discussed in the next section.

4 Fock Space Representation of the (q1, q2)-Deformed SUSY Algebra

In this section, we discuss the Fock space representation of the (q1, q2)-deformed SUSY
algebra in equations (12–17). For the bosonic sector, let |n1, n2〉 be the Fock space basis and
the ground state satisfies ai |0,0〉 = 0, i = 1,2. From (1), the representations of the operators
a1, a2, a

∗
1 , a

∗
2 are as follows:

a1|n1, n2〉 = q
n2
2

√[n1]|n1 − 1, n2〉, a∗
1 |n1, n2〉 = q

n2
2

√[n1 + 1]|n1 + 1, n2〉,
a2|n1, n2〉 = q

n1
1

√[n2]|n1, n2 − 1〉, a∗
2 |n1, n2〉 = q

n1
1

√[n2 + 1]|n1, n2 + 1〉, (25)

a∗
1a1|n1, n2〉 = q

2n2
2 [n1]|n1, n2〉, a∗

2a2|n1, n2〉 = q
2n1
1 [n2]|n1, n2〉,

where n1, n2 = 0,1,2, . . . , and [ni] is defined by (3). The orthonormal (q1, q2)-deformed
boson state |n1, n2〉 is obtained by applying the Fibonacci oscillator creation operators (a∗

i )

on the ground state successively as

|n1, n2〉 = 1√[n1]![n2]!
(a∗

2)
n2(a∗

1 )
n1 |0,0〉. (26)
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From the (q1, q2)-deformed bosonic oscillator algebra in (6), we also have the following
representations:

ai |n1, n2, . . . , ni, . . . , nn〉 = q

∑i−1
k=1 nk

1 (
√[ni])q

∑n
k=i+1 nk

2 |n1, n2, . . . , ni − 1, . . . , nn〉, (27)

a∗
i |n1, n2, . . . , ni, . . . , nn〉 = q

∑i−1
k=1 nk

1 (
√[ni + 1])q

∑n
k=i+1 nk

2 |n1, n2, . . . , ni + 1, . . . , nn〉, (28)

where a∗
i ai = (q2

1 )
∑i−1

k=1 nk [ni](q2
2 )

∑n
k=i+1 nk , and [ni] is defined by (3).

For the fermionic sector, we have two undeformed fermion operators satisfying (9).
Therefore, there exist four types of quantum states for this sector as |↑ ↑〉, |↑ ↓〉, |↓ ↑〉, |↓ ↓〉.
Thus, the following representations for the operators fi, f

∗
i , i = 1,2, can be written:

f1|↑ ↑〉 = |↓ ↑〉, f2|↑ ↑〉 = |↑ ↓〉, f ∗
1 |↑ ↑〉 = 0, f ∗

2 |↑ ↑〉 = 0,

f1|↓ ↓〉 = 0, f2|↓ ↓〉 = 0, f ∗
1 |↓ ↓〉 = |↑ ↓〉, f ∗

2 |↓ ↑〉 = 0,

f1|↑ ↓〉 = |↓ ↓〉, f2|↑ ↓〉 = 0, f ∗
1 |↑ ↓〉 = 0, f ∗

2 |↑ ↓〉 = |↑ ↑〉,
f1|↓ ↑〉 = 0, f2|↓ ↑〉 = |↓ ↓〉, f ∗

1 |↓ ↑〉 = |↑ ↑〉, f ∗
2 |↓ ↓〉 = |↓ ↑〉,

(29)

which show that the state | ↓↓〉 is the ground state of the fermionic sector. For the fermionic
number operators Mi , i = 1,2, we have the following representations:

M1|↑ ↑〉 = |↑ ↑〉, M2|↑ ↑〉 = |↑ ↑〉, M1|↓ ↑〉 = 0, M2|↓ ↑〉 = |↓ ↑〉,
M1|↑ ↓〉 = |↑ ↓〉, M2|↑ ↓〉 = 0, M1|↓ ↓〉 = 0, M2|↓ ↓〉 = 0.

(30)

With the above results in mind, it turns out that there are four types of states for the su-
percharges and the Hamiltonian in the full Hilbert space as |(n1,n2);↑↑〉, |(n1,n2);↑↓〉,
|(n1,n2); ↓↑〉, |(n1,n2);↓↓〉. Acting on them with the supercharges yields

Q1|(n1,n2);↑ ↑〉 = q
n2
2

√
[n1 + 1] |(n1 + 1, n2);↓ ↑〉 ,

Q1|(n1,n2);↓ ↓〉 = 0, Q1|(n1,n2);↓ ↑〉 = 0, (31)

Q1|(n1,n2);↑ ↓〉 = q
n2
2

√[n1 + 1]|(n1 + 1, n2);↓ ↓〉,

Q2|(n1, n2);↑ ↑〉 = q
n1
1

√[n2 + 1]|(n1, n2 + 1);↑ ↓〉,
Q2|(n1, n2);↓ ↓〉 = 0, Q2|(n1, n2);↑ ↓〉 = 0, (32)

Q2|(n1, n2);↓ ↑〉 = q
n1
1

√[n2 + 1]|(n1, n2 + 1);↓ ↓〉,

Q∗
1|(n1, n2);↑ ↑〉 = 0, Q∗

1|(n1, n2);↑ ↓〉 = 0,

Q∗
1|(n1, n2);↓ ↓〉 = q

n2
2

√[n1]|(n1 − 1, n2);↑ ↓〉, (33)

Q∗
1|(n1, n2);↓ ↑〉 = q

n2
2

√[n1]|(n1 − 1, n2);↑ ↑〉,

Q∗
2|(n1, n2);↑ ↑〉 = 0, Q∗

2|(n1, n2);↓ ↑〉 = 0,

Q∗
2|(n1, n2);↓ ↓〉 = q

n1
1

√[n2]|(n1, n2 − 1);↓ ↑〉, (34)

Q∗
2|(n1, n2);↑ ↓〉 = q

n1
1

√[n2]|(n1, n2 − 1);↑ ↑〉.
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Similarly, applying the total deformed Hamiltonian in (17) on these states yields

H |(n1, n2);↑ ↑〉 =
{
[n1 + n2] + 2

(
q

2(n1+n2)

1 + q
2(n1+n2)

2

q2
1 + q2

2

)}
|(n1, n2);↑ ↑〉, (35)

H |(n1, n2);↑ ↓〉 =
{
[n1 + n2] +

(
q

2(n1+n2)

1 + q
2(n1+n2)

2

q2
1 + q2

2

)}
|(n1, n2);↑ ↓〉, (36)

H |(n1, n2);↓ ↑〉 =
{
[n1 + n2] +

(
q

2(n1+n2)

1 + q
2(n1+n2)

2

q2
1 + q2

2

)}
|(n1, n2);↓ ↑〉, (37)

H |(n1, n2);↓ ↓〉 = [n1 + n2]|(n1, n2);↓ ↓〉, (38)

where [ni] is the Fibonacci basic number in (3). From these representations, the first few
excited states and their degeneracies can be obtained as in the following scheme:

The energy eigenvalues The energy eigenstates

E = 0 |(0,0);↓ ↓〉 ⇒ The ground state
E = 1 |(0,1);↓ ↓〉, |(1,0);↓ ↓〉

E = 2 |(0,1);↑ ↓〉, |(1,0);↑ ↓〉
|(0,1);↓ ↑〉, |(1,0);↓ ↑〉

E = 3 |(1,0);↑↑〉, |(0,1);↑ ↑〉

In contrast to these levels, the energy eigenvalues corresponding to all other excited states
depend on the deformation parameters q1 and q2.

5 Discussion and Conclusions

In this paper, we studied the system of n (q1, q2)-deformed bosons with SUq1/q2(n)-
symmetry and n ordinary fermions. We explicitly discussed the system containing two
(q1, q2)-deformed bosons and two undeformed fermions. We made use of these results to
construct a two-parameter deformed SUSY algebra by realizing SUSY generators as bilin-
ears of n (q1, q2)-deformed bosons with SUq1/q2(n)-symmetry and n ordinary fermions. We
also discussed the Fock space representation of the algebra constructed and found the en-
ergy eigenvalues of the total deformed Hamiltonian for the two-dimensional system. The
remarkable differences between our construction (19–24) and the earlier q-deformed SUSY
algebra constructions [4, 19, 20, 23, 26, 27, 38, 47, 49, 50, 56, 65, 71] are as follows:

(i) We use the (q1, q2)-deformed bosonic oscillators called Fibonacci oscillators [10]
which are invariant under the quantum group SUr (n) with r = q1/q2.

(ii) In our construction, the bosonic and fermionic sectors operators commute with each
other. In this sense, (q1, q2)-deformed bosons and undeformed fermions are independent in
our model.

(iii) In our model, the Hamiltonian Hi in (23) does not commute with the supercharges Qi

unless q1 = q2 = 1. So, the supercharges are not conserved and the Hamiltonian Hi does not
remain invariant under the (q1, q2)-deformed SUSY algebra. However, in our construction
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the total deformed Hamiltonian H in (24) coincides with the total bosonic and fermionic
number operators in the limit q1 = q2 = 1.

We now would like to mention some physical applications of the Fibonacci oscillators
which are invariant under the quantum group SUr (n) with r = q1/q2 as follows:

(i) The two-parameter deformed quantum group invariant bosonic oscillators in (6) and
(7) have recently revealed many interesting results in the framework of statistical thermody-
namics [5, 7, 13]. For instance, a two-parameter deformed quantum group boson gas with
SUr (2)-symmetry where r = q1/q2 shows the Bose-Einstein condensation for low temper-
atures in the interval q2 > q1 > 0 [7] whereas it behaves as a fermionic gas at the value of
(q2

1 + q2
2 ) ≈ 4.16 for high temperatures. Therefore, for high temperatures, the deformation

parameters q1 and q2 of the SUq1/q2(2)-invariant boson model serve as interpolating objects
between bosonic and fermion-like behaviours of the system [5]. In such a model, the limit
q1 = q2 = 1 gives the free boson gas results.

(ii) One or multiparameter deformed versions of quantum (super)algebras have produced
many new results in the framework of integrable models and solvable lattice models. For
instance, it was recently shown [62] that the quantum algebraic structure of the spin 1/2
XXZ chain with twisted periodic boundary conditions is a two-parameter deformed algebra
SUq,t (2). Another example is that the work of Reshetikhin [70] on multiparametric quan-
tum algebras was used to construct integrable multiparametric quantum spin chains [39, 40].
Hence, possible applications of the Fibonacci oscillator algebra with SUq1/q2(n)-symmetry
in the framework of integrable models with twisted boundary conditions would be another
direction of this study which would provide new results for investigations related with cor-
related electron systems.

We should remark that the above interesting applications give the main motivation and
the importance for studies on two-parameter deformed quantum group invariant bosonic
oscillators.

Some important limiting cases of the present (q1, q2)-deformed SUSY algebra should be
mentioned: In the limit q1 = q2 = 1, the conventional N = 2 SUSY algebra can be recovered
[76]. The limit q1 = q2 = q gives an alternative example of the q-deformed N = 2 SUSY
algebra constructed from the q-deformed bosonic and fermionic Newton oscillators [4].
When we take the limit q2 = 1, we find another one-parameter deformed SUSY algebra
constructed from SUq1(n)-invariant bosons and undeformed fermions.

Beside the present application of the Fibonacci oscillators to the SUSY quantum me-
chanics, we would also like to discuss the main reasons to consider two distinct deformation
parameters (q1, q2). These reasons are two-fold. The first one is related to the following
quantum algebraical properties:

(i) The Fibonacci oscillator discussed in Sect. 2 offers a unification of oscillators related
to quantum groups [10].

(ii) The Fibonacci oscillators are the most general oscillators having the property of spec-
trum degeneracy. In this sense, the eigenstates |n〉 of [NB] in (7) have the same bosonic
degeneracy as the ordinary n-dimensional quantum harmonic oscillator.

(iii) The Fibonacci oscillator algebra is the most general quantum group invariant bosonic
oscillator algebra. The invariance quantum group of this oscillator is the SUr (n) with
r = q1/q2. In this sense, if the quantum group symmetry is preserved, then the number
of deformation parameters in n dimensions should be just two.

(iv) Although there are some studies showing a close connection between relativity, one-
parameter deformed bosonic oscillators called q-oscillators and difference operators [11, 60,
69], the multidimensional Fibonacci oscillator corresponding to the basic number definition
in (3) can be interpreted as a relativistic oscillator corresponding to the bound state of two
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bosonic particles with masses m1 and m2 [10]. The deformation parameters q1 and q2 are
then related to the masses by

q2
1 = 1 + 2ω

m1
, q2

2 = 1 + 2ω

m2
, (39)

where ω is the oscillator frequency. The energy spectrum is given by

En =
√

m2
1 + K2

n +
√

m2
2 + K2

n, (40)

K2
n =

(
m1m2

m1 + m2

)2(
q2

1 + q2
2 − 2

q2
1 − q2

2

)((
1 + q2

1

2

)d

q2n
1 −

(
1 + q2

2

2

)d

q2n
2

)
, (41)

where d represents the dimension of the system [10]. Therefore, the additional parameter q2

has a physical significance so that it can be related to the mass of the second bosonic particle
in a two-particle relativistic quantum harmonic oscillator bound state.

On the other hand, the second reason comes originally from the following phenomeno-
logical studies:

(i) The quantum algebra with two deformation parameters may have more flexibility
when dealing with application to the concrete physical models [46]. Although any quantum
algebra with one or more deformation parameters may be mapped onto the standard single-
parameter case [28, 67], the physical results obtained from a (p, q)-deformed oscillator
system are not the same. In particular, it is recently argued that the (p, q)-deformed phonon
systems may be useful and effective in order to deal with anharmonicity or/and interactions
of phonons in the realistic condensed matter [29, 43–45].

(ii) The recent results arising from the application of the qp-rotator model with Uqp(u2)-
symmetry to the description of rotational bands of various atomic nuclei show also the im-
portance for the introducing second deformation parameter. In this sense, the results ob-
tained from the qp-rotator model are better than the ones derived from the q-rotator model
and the κ-Poincare model [14, 18, 55]. In such an application, the two deformation para-
meters of the qp-rotator model had an interpretation as inertial parameters that describe the
softness of the deformed and superdeformed nuclei.

(iii) Recently, quantum algebra with one deformation parameter has been used in phe-
nomenological description of particle properties [41]. In particular, q-bosons have been used
to describe unusual behaviour of the intercept (or the strength) λ of the two-particle corre-
lation function. This technique gives a direct correspondence between the deformation pa-
rameter q and the intercept λ [8]. So, what about the higher order correlations? The answer
to this question gives the importance of theories with two deformation parameters to some
extent. The two-parameter deformed oscillator is a candidate to describe an explicit form of
the intercepts λ(n) of n-particle correlation functions with n ≥ 3 of identical pions or kaons
[1]. However, we should note that there is a remarkable difference between the Fibonacci
oscillators given in (6) and the so called q-bosons. Strictly speaking, the q-bosons [16, 58,
64] do not have a covariance under the action of the quantum group SUq(n).

All above considerations give the reasons to consider two distinct deformation parame-
ters, and therefore show the importance and requirement to think Fibonacci oscillators in
physical applications.

To conclude, some open problems parallel to this study are as follows: It will be interest-
ing to investigate a fractional SUSY structure when the deformation parameter r = q1/q2 is
a root of unity which would hopefully provide some new statistical insights into studies on
fractional statistics.



Int J Theor Phys (2008) 47: 1322–1332 1331

Acknowledgements The authors thank the reviewers for useful comments. This work is supported by the
Scientific and Technological Research Council of Turkey (TUBITAK) under the research project number
106T593.

References

1. Adamska, L.V., Gavrilik, A.M.: J. Phys. A: Math. Gen. 37, 4787 (2004)
2. Aizawa, N.: J. Phys. A: Math. Gen. 28, 4553 (1995)
3. Algin, A., Arik, M., Arikan, A.S.: Preprint, arXiv: hep-th/0309172 v2 (2004)
4. Algin, A.: Czechoslov. J. Phys. 52, 1011 (2002)
5. Algin, A.: Phys. Lett. A 292, 251 (2002)
6. Algin, A., Arik, M.: Mod. Phys. Lett. A 20, 613 (2005)
7. Algin, A., Deviren, B.: J. Phys. A: Math. Gen. 38, 5945 (2005)
8. Anchishkin, D.V., Gavrilik, A.M., Iorgov, N.Z.: Eur. Phys. J. A 7, 229 (2000)
9. Arik, M., Coon, D.D.: J. Math. Phys. 17, 524 (1976)

10. Arik, M., Demircan, E., Turgut, T., Ekinci, L., Mungan, M.: Z. Phys. C 55, 89 (1992)
11. Arik, M., Mungan, M.: Phys. Lett. B 282, 101 (1992)
12. Arik, M., Atakishiyev, N.M., Wolf, K.B.: J. Phys. A: Math. Gen. 32, L371 (1999)
13. Arik, M., Kornfilt, J.: Phys. Lett. A 300, 392 (2002)
14. Barbier, R., Kibler, M.: Preprint, arXiv: nucl-th/9602015 v1 (1996)
15. Besnard, F.: Preprint, arXiv: math-ph/0401007 v1 (2004)
16. Biedenharn, L.C.: J. Phys. A: Math. Gen. 22, L837 (1989)
17. Bonatsos, D., Daskaloyannis, C.: Phys. Lett. B 307, 100 (1993)
18. Bonatsos, D., Daskaloyannis, C.: Prog. Part. Nucl. Phys. 43, 537 (1999)
19. Chaichian, M., Kulish, P.: Phys. Lett. B 234, 72 (1990)
20. Chaichian, M., Kulish, P., Lukierski: Phys. Lett. B 262, 43 (1991)
21. Chakrabarti, R., Jagannathan, R.: J. Phys. A: Math. Gen. 24, L711 (1991)
22. Chung, W.S.: Int. J. Theor. Phys. 33, 1611 (1994)
23. Chung, W.S.: Prog. Theor. Phys. 94, 649 (1995)
24. Chung, W.S.: Prog. Theor. Phys. 95, 697 (1996)
25. Chung, W.S.: J. Phys. A: Math. Gen. 30, 353 (1997)
26. Chung, W.S.: J. Phys. A: Math. Gen. 32, 2605 (1999)
27. Chung, W.S.: Phys. Lett. A 259, 437 (1999)
28. Curtright, T.L., Zachos, C.K.: Phys. Lett. B 243, 237 (1990)
29. Daoud, M., Kibler, M.: Phys. Lett. A 206, 13 (1995)
30. Daoud, M., Hassouni, Y.: Prog. Theor. Phys. 97, 1033 (1997)
31. Daoud, M., Hassouni, Y.: Int. J. Theor. Phys. 37, 2021 (1998)
32. De Crombrugghe, M., Rittenberg, V.: Ann. Phys. 151, 99 (1983)
33. De Vega, H.J.: Int. J. Theor. Phys. A 4, 2371 (1989)
34. Drinfeld, V.G.: Quantum groups. In: Gleason, A.M. (ed.) Proc. Int. Congress of Mathematicians, Berke-

ley, p. 798. American Mathematical Society, Providence (1987)
35. De Azcarraga, J.A., Macfarlane, A.J.: J. Math. Phys. 37, 1115 (1996)
36. Dunne, R.S., Macfarlane, A.J., De Azcarraga, J.A., Perez Bueno, J.C.: Int. J. Mod. Phys. A 12, 3275

(1997)
37. Faddeev, L.D., Reshetikhin, N.Y., Takhtajan, L.A.: Algebraic Anal. 1, 129 (1988)
38. Floreanini, R., Spiridonov, V.P., Vinet, L.: Phys. Lett. B 242, 383 (1990)
39. Foerster, A., Links, J., Roditi, I.: J. Phys. A: Math. Gen. 31, 687 (1998)
40. Foerster, A., Roditi, I., Rodrigues, L.M.C.S.: Mod. Phys. Lett. A 11, 987 (1996)
41. Gavrilik, A.M.: Preprint, arXiv: hep-ph/0103325 (2001)
42. Gong, R.S.: J. Phys. A: Math. Gen. 27, 6533 (1994)
43. Gong, R.S.: Phys. Lett. A 194, 380 (1994)
44. Gong, R.S.: Phys. Lett. A 199, 81 (1995)
45. Gong, R.S.: Commun. Theor. Phys. 29, 303 (1998)
46. Gong, R.S.: Commun. Theor. Phys. 34, 737 (2000)
47. Hao, S.R., Li, G.H., Long, J.Y.: J. Phys. A: Math. Gen. 27, 5995 (1994)
48. Hayashi, T.: Commun. Math. Phys. 127, 129 (1990)
49. Hegazi, A., Mansour, M.: Chaos Solitons Fractals 12, 445 (2001)
50. Isaev, A.P., Malik, R.P.: Phys. Lett. B 280, 219 (1992)
51. Jimbo, M.: Lett. Math. Phys. 11, 247 (1986)



1332 Int J Theor Phys (2008) 47: 1322–1332

52. Jing, S., Xu, J.: J. Phys. A: Math. Gen. 24, L891 (1991)
53. Khare, A., Mishra, A.K., Rajasekaran, G.: Int. J. Mod. Phys. A 8, 1245 (1993)
54. Khare, A.: J. Math. Phys. 34, 1277 (1993)
55. Kibler, M.R.: Preprint, arXiv: hep-th/9409012 v1 (1994)
56. Kulish, P.P., Reshetikhin, N.Y.: Lett. Math. Phys. 18, 143 (1989)
57. Kobayashi, T., Suzuki, T.: J. Phys. A: Math. Gen. 26, 6055 (1993)
58. Macfarlane, A.J.: J. Phys. A: Math. Gen. 22, 4581 (1989)
59. Manin, Y.I.: Commun. Math. Phys. 123, 163 (1989)
60. Mir-Kasimov, R.M.: J. Phys. A: Math. Gen. 24, 4283 (1991)
61. Mishra, A.K., Rajasekaran, G.: Mod. Phys. Lett. A 9, 419 (1994)
62. Monterio, M.R., Roditi, I., Rodrigues, L.M.C.S., Sciuto, S.: Mod. Phys. Lett. A 10, 419 (1995)
63. Mostafazadeh, A.: J. Phys. A: Math. Gen. 34, 8601 (2001)
64. Ng, Y.J.: J. Phys. A: Math. Gen. 23, 1203 (1990)
65. Parthasarathy, R., Viswanathan, K.S.: J. Phys. A: Math. Gen. 24, 613 (1991)
66. Pasquier, V., Saleur, H.: Nucl. Phys. B 330, 523 (1990)
67. Polychronakos, A.P.: Mod. Phys. Lett. A 5, 2325 (1990)
68. Pusz, W., Woronowicz, S.L.: Rep. Math. Phys. 27, 231 (1989)
69. Rador, T.: Preprint, arXiv: math-ph/0012029 (2000)
70. Reshetikhin, N.: Lett. Math. Phys. 20, 331 (1990)
71. Spiridonov, V.: Mod. Phys. Lett. A 7, 1241 (1992)
72. Truong, T.T.: J. Phys. A: Math. Gen. 27, 3829 (1994)
73. Ubriaco, M.R.: Phys. Lett. A 163, 1 (1992)
74. Viswanathan, K.S., Parthasarathy, R., Jagannathan, R.: J. Phys. A: Math. Gen. 25, L335 (1992)
75. Wess, J., Zumino, B.: Nucl. Phys. B (Proc. Suppl.) 18, 302 (1990)
76. Witten, E.: Nucl. Phys. B 185, 513 (1981)
77. Woronowicz, S.L.: Commun. Math. Phys. 111, 613 (1987)


	Two-Parameter Deformed SUSY Algebra for Fibonacci Oscillators
	Abstract
	Introduction
	Fibonacci Oscillator Algebra
	Two-Parameter Deformed SUSY Algebra
	Fock Space Representation of the (q1,q2)-Deformed SUSY Algebra
	Discussion and Conclusions
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


